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Abstract. Suppose that 5 is a surface with boundary and that g and h are diffeomorphisms 
of S which restrict to the identity on the boundary. Let Yg, Yh, and Yhg be the three- 
manifolds with open book decompositions given by {S,g), {S,h), and {S,hg), respectively. 
We show that the Ozsvath-Szabo contact invariant is natural under a comultiplication map 
fl : H F{—Yhg) HF{—Yg) ® HF{—Yh). It follows that if the contact invariants associated 
to the open books {S, g) and (5, h) are non-zero then the contact invariant associated to the 
open book (S, hg) is also non-zero. We extend this comultiplication to a map on HF'^ {—Yhg), 
and as a result we obtain obstructions to the three-manifold Yhg being an L-space. We also 
use this to find restrictions on contact structures which are compatible with planar open 
books. 

1. Introduction 

In 2002, Ozsvath and Szabo discovered an invariant of contact 3-manifolds constructed as 
follows (llj . Given a contact 3- manifold {Y,(^), we can find a compatible (in the sense of 
Giroux [S]) open book decomposition {S,g) of Y with connected binding K CY. If the genus 
of 5 is /c then the knot Floer homology, HFK{—Y, K, —k) = Z. Moreover, it is possible to 
find a Heegaard diagram for which the knot Floer homology in this — A; th filtration level is 
generated by an element of the chain complex CFK{—Y, K) which also represents a cycle in 
the chain complex CF{—Y). The contact invariant c{^) is defined to be the image of this 
cycle in HF{-Y). 

The class c(^) is well-defined up to sign (we use Z2 coefficients throughout to avoid ambiguity 
in sign), and it is an invariant of ^ up to isotopy of the contact structure. This invariant 
encodes information related to the tightness of ^. For instance, Ozsvath and Szabo prove 
that if ^ is overtwisted, then c(^) = 0. On the other hand, if ^ is Stein fillable or strongly 
fillable, then c(^) / [11], [10]. In a previous paper we show, in the case of contact structures 
compatible with genus one, one boundary component open books, that c{£,) = if and only 
if ^ is overtwisted for all but a small family of open books with reducible monodromies [1]. 
Honda, Kazez, and Matic have since shown this to be the case for all such open books [7], 
[6], [8]. However, the precise relationship between c(^) and the tightness of ^ is still unknown 
- there are tight contact structures with vanishing contact invariant [3]. In fact, Lisca and 
Stipsicz conjecture that the contact invariant vanishes for contact structures with positive 
Giroux torsion [9]. 

As the contact invariant is defined in terms of a compatible open book decomposition, we 
often denote c(^) by c{S,g). This class satisfies the following naturality property [llj: 
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Theorem 1.1 (Ozsvath-Szabo). If{S,g) is an open book decomposition for Y, andj CY — L 
is a curve supported in a page of the open book (L is the binding), which is not homotopic to 
the boundary, then {S,t~^g) induces an open book decomposition 0/1+1(7) (here, ty denotes 
the right-handed Dehn twist around j). And under the map 

Fw : HF{-Y) ifF(-y+i(7)) 
obtained by the two-handle addition (and summing over all spin'^ structures) , we have that 

Fw{c{S,g)) = ±c{S,t-'g). 

In general, it is an open question as to whether tightness of the contact structures compatible 
with open books {S, g) and (5, h) implies tightness of the contact structure compatible with 
{S, hg). This question is open even when /i is a right-handed Dehn twist t^ around a curve 7 C 
S [3]. Along these lines, however. Theorem 11.11 implies that if c{S,g) 7^ 0, then c{S,tyog) ^ 0. 
This behavior is generalized in Theorem 11.21 which follows from our main result. 

Theorem 1.2. Suppose that g and h are diffeomorphisms of S which restrict to the identity 
on dS and that c{S, g) ^ and c{S, h) ^ 0. Then c{S, hg) / 0. 

This theorem has the immediate corollary: 

Corollary 1.3. If the contact structures compatible with {S,g) and {S,h) are strongly fillable, 
then the contact structure compatible with (S, hg) is tight. 

Another formulation of Theorem 11.21 is the statement that for a fixed S the set 

Ns = {geAut{S,dS)\c{S,g)^0} 

is a monoid under composition of diffeomorphisms, where here Aut{S, dS) denotes the set of 
isotopy classes of diffeomorphisms of S that restrict to the identity on dS. 

The key to this theorem is the observation that the contact invariant satisfies the naturality 
property below. For any g and h we exhibit a cobordism Xg^h with 

dXg^h = -Yg -Yh + Yhg 

where Y^ is the three-manifold with open book decomposition [S, (p). This cobordism induces 
a chain map (multiplication) 

m : CF{Yg) CF{Yh) ^ CF{Yhg). 

If we apply the Homz2(— ,^2) functor to this expression, we obtain a chain map (comultipli- 
cation) 

^Ji : CF{-Yhg) ^ CF{-Yg) CF{-Yh). 
We show that the contact invariants are natural under the corresponding map 

/2 : HF{-Yhg) ^ HF{-Yg) HF{-Yh) 
induced on homology. That is 

Theorem 1.4. The map fi takes c{S, hg) 1— > c{S,g) ® c{S, h). 
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Hence, if c{S,hg) = then either c{S,g) = or c{S,h) = 0, and Theorem 11.21 fohows 
immediately. 

In Section U we generahze the result of Theorem 11.41 by examining analogous maps on 
HF^. We use this generalization to prove the following theorem. 

Theorem 1.5. Ifc+{S,hg) G ■ H F+ {-Yhg) , then c+ {S#bS, g#h) G U''' ■ H F+ {- {Yg#Yh)) ■ 

In Theorem 11.51 c"^(S', 0) denotes the image in HF^{—Y(f,) of c{S,(f)) under the natural 
map HF{—Y^) — > HF^{—Y^). Furthermore, if {S,g) and {S,h) are open books compatible 
with contact structures iYg,^g) and {Yh,Ch), respectively, then {S#i,S, g#h) is an open book 
compatible with the contact structure {Yg^Yh, S,g#Ch), where denotes boundary connected 
sum. 

The following corollaries of Theorem 11.51 provide obstructions to a contact three-manifold 
with open book {S, hg) having a compatible open book with planar pages. At the same time, 
we obtain obstructions to the three-manifold Yhg being an L-space. The reader should compare 
these corollaries with those found by Ozsvath, Szabo, and Stipsicz in [13]. In what follows, 
3{S, (/>) denotes the spin^ structure associated to the contact 2-plane field which is compatible 
with (S*, (j)). 

Corollary 1.6. Suppose that {S^bS, g#h) ^ and that ci{5{S,g)) is non-torsion. Then 
Yhg is not an L-space and the contact structure corresponding to {S, hg) is not compatible with 
a planar open book. 

Corollary 1.7. Suppose that {S,g) and {S,h) correspond to Stein fillable contact manifolds 
(Yg,(,g) and {Yh,(,h) with fillings {Xg,Jg) and {Xh,Jh)- Suppose further that ci(s(^p)) = = 
ci(s(.^/i)) and ci{Xg,Jg) ^ 0. Then Yhg is not an L-space and the contact structure corre- 
sponding to (S, hg) is not compatible with a planar open book. 

1.1. Acknowledgements. I would like to thank Ko Honda for bringing to my attention the 
possibility of Theorem 11.21 I also wish to thank John Etnyre, Danny Gillam, Robert Lipshitz, 
and Shaffiq Welji for very helpful discussions. And, as always, I am indebted to Peter Ozsvath 
for his invaluable comments and suggestions. 

2. HeEGAARD DIAGRAMS AND THE CONTACT CLASS 

Honda, Kazez, and Matic give another interpretation of the Ozsvath-Szabo contact class in 
[7]. We use their reformulation in our proof of Theorem II. 2 [ Recall that the open book {S,g) 
is a decomposition of the 3- manifold Y = S x [0, 1]/ ~, where ~ is the relation defined by 

ix,l) ^ {g{x),0), xeS 

X e dS, t,s e [0,1] 

Y has a Heegaard splitting Y = Hi U H2, where Hi is the handlebody S x [0,1/2] and 
H2 is the handlebody S x [1/2,1]. Let St denote the page S x {t}. If 5 has n boundary 
components and genus k then the Heegaard surface in this splitting is the genus 2A; + n — 1 
surface S = S1/2 U —Sq. To specify a pointed Heegaard diagram for Y it remains to describe 
the a and /? curves on S and the placement of a basepoint z. Choose 2k + n — 1 disjoint 
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properly embedded arcs ai, . . . , a2k+n-i on S so that S \ Uoj is topologically a disk. For each 
i we obtain bi by changing the arcs via a small isotopy which moves the endpoints of the Oj 
along dS in the direction given by the orientation of dS so that aj intersects bi transversely 
in one point and with positive sign (where bi inherits its orientation from ai). See Figured] 
for an illustration of the aj and 6, arcs on a surface S. 




Figure 1. A surface S with multiple boundary components and genus 
greater than one. The Oj arcs are in red and the bi arcs are in blue. 



Now define 

Oi = ai X {1/2} U ai x {0} 
Pi = biX {1/2} Ugibi)x{0}. 
Place the basepoint z in the big region on S1/2 (that is, not in one of the thin strip regions). 
For each i = 1, . . . ,2k + n — 1 let be the intersection point on S1/2 between a, and /3j. 
Then = {xi, . . . ,X2k+n-i} is an intersection point between and in Sym'^'^~^'^~^{'E). 
Moreover, x^ is a cycle in Hom{CF(Y),Z2) = CF{—Y) because of the placement of z. See 
Figure [2] for an illustration of the pointed Heegaard diagram for an open book. 

Theorem 2.1 (Honda-Kazez-Matic). [x^] G HF{—Y) is the Ozsvdth-Szabd contact class 
c{S,g). 

3. Naturality under comultiplication 

Given a surface S with genus k and n boundary components, let Oj and bi be the set 
of properly embedded arcs described above. We construct another set of disjoint properly 
embedded arcs Cj from the bi by changing the arcs bi via a small isotopy which moves the 
endpoints of the bi along dS in the direction given by the orientation of dS. We require that 
both ai and bi intersect q transversely in one point and with positive sign (where Cj inherits 
its orientation from bi). For any two diffeomorphisms g and h, we construct three sets of 
attaching curves on the Heegaard surface S = U — Sq: 

ai = ai X {1/2} U ai X {0} 

= biX {1/2} U gib,) x{0} 
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Figure 2. The bottom figure is a pointed Heegaard diagram for the open 
book {S,g), where S is a genus k surface with n boundary components and 
g is the composition of a left-handed Dehn twist around the curve p with a 
right-handed Dehn twist around the curve q. The Oi are in red and the f3i are 
in blue. We have also labeled the intersection point 1^ = {xi, . . . , X2k+n-i}- 



7, = Q X {l/2}Uh{g{ci)) X {0}. 

Once again, we place the basepoint z in the big region of S1/2 (outside of the thin strip 
regions). Then (S, a, /3, 7, z) is a pointed Heegaard triple-diagram and can be used as in [10] 
to construct a cobordism X^^^^'y with 

where Y^^/s is the three manifold with Heegaard decomposition (S, a, (3) (and similarly for Yg^^ 
and 1^0,7). Such a cobordism induces a chain map 
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By the description of the Heegaard diagram associated to an open book in section [21 it is clear 
that 

Ypn = Yh 

Ya,-f — Yfig- 

Thus, we have a chain map 

(1) m : CF{Yg) CFiYh) ^ CF{Yhg). 

If the pointed Heegaard triple-diagram (S,a,/3,7,z) is weakly- admissible then this map is 
defined on the generators of CF{Yg) CF{Yfi) by 

m{a^b)= Yl E {#M{(l>))x. 

SeT^nT^ {0e7r2(a,6,S) I m(</.)=0, n4</.)=0} 

In this sum, 7r2(a, b, x) is the set of homotopy classes of Whitney triangles connecting a, b, and 
x; IJ.{4>) is the expected dimension of holomorphic representatives of (p; nz{4>) is the algebraic 
intersection number of (/> with the subvariety {z} x 5'ym^'^+"~^(S) C Sym'^^~^'^~^{T,); and 
A4{(j)) is the moduli space of holomorphic representatives of (p. For more details, see |10] . 

As alluded to in the introduction, we apply the ilouii^(—,7j2) functor to the expression in 
equation [TJ If we represent each chain complex diagrammatically by drawing an arrow from 
X to y whenever y is a term in dx or when y is a term in the image of x under the map m, 
then applying the HomzjC— , ^2) functor corresponds to reversing the direction of every arrow. 
Doing so, we obtain a chain map 

/i : CF{-Yhg) ^ CF{-Yg) CF{-Yh). 

An element in CF{—Yhg) is a sum of intersection points x € Tc-nT^. On such an intersection 
point the chain map ^ is defined by 

as long as the pointed Heegaard triple-diagram (S, a, /?, 7, z) is weakly- admissible. To prove 
Theorem 11.41 we show that 

IJ'{xh^) =x^®xK. 

We complete the proof in two steps. First we show that (S, a, (3, 7, z) is weakly-admissible. 
Then we show that there is only one pair {a € T^^^, b £ ^i3,-y} for which there exists a homo- 
topy class (j) £ 7r2(a, b^lich^) with nz{(j)) = and such that (j) has a holomorphic representative. 
Moreover, a = x^, b = Wh, and the number of holomorphic representatives of (p is one. 
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3.1. Weak Admissibility. We begin with two definitions from (10] . 

Definition 3.1. For a pointed Heegaard triple- diagram (S, a, /?, 7, z), let Di, . . . , be the 

connected regions ofT, — Uaj — U/3i — Uoj. And let ip = ^ ■ PiDi be a formal linear combination 
of the Di so that nz{^) = and dip = YliPi^-^i ^ linear combination of complete a, (3, and 
7 curves. Then ip is called a triply-periodic domain. 

Definition 3.2. The pointed Heegaard triple- diagram is said to be weakly-admissible if every 
non-trivial triply-periodic domain tp has both positive and negative coefficients. 

For each i = l,...,2/c + n — 1 the curves a^, and 7^ intersect on 5i/2 in the arrangement 
depicted in Figure [3l 




Figure 3. The curve ai is in red, /3i in blue, and 7^ in yellow. We have 
labeled regions Z^i, . . . , Dq as well as the ith components of the various contact 
classes T^, Th, and TJ^. 

li ip = '^jPjDj is a triply-periodic domain, then pe = since Dq contains the basepoint z. 
Since dip includes some number of complete curves, 

P2=P3-P4 = -Pb- 

Therefore, V has both positive and negative coefficients unless P2 = P5 = and = p^. So 
let's assume the latter. Since ^^p includes some number of complete /?j curves, 

Pi = -P3 = 0. 

So, either ip has both positive and negative coefficients or pi = ■ ■ ■ = pQ = and dip includes 
no ai, Pi, or 7^ curves. If we carry out this analysis for alH = 1, . . . , 2/c + n — 1 we see that 
either ip has both positive and negative coefficients or else it is trivial. Hence (S, a, /3, 7, z) is 
weakly-admissible. □ 
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3.2. Completing the proof of Theorem 11.41 Let A denote the 2-simplex and label its 
vertices clockwise Va,vp,v^. Let be the edge opposite Va (and similarly for ep and e^). 
The boundary of A inherits the standard counterclockwise orientation. Then 

Definition 3.3. A map u : A —>■ Sym?^^'"'^^{T?j satisfying u('U^) — a, uiva) — ^) and 
u{vp) = lyhg, and u{ea) C u{ep) C T^, and n(e^) C is called a Whitney triangle 
between a, h, andUCh^. This map u is represented schematically in Figure^ 




Figure 4. 

We can represent </> G 7r2(a,6,x/^) by a 2-chain = YljPj-^j whose oriented boundary 
consists of Q arcs from a to x/^, (3 arcs from b to a, and 7 arcs from x/^ to b. Suppose 
nz{4') = and (j) has a holomorphic representative. Then nz{4>) = and the pj are all non- 
negative. We refer to Figure [3] for the local picture near the ith component of the contact 
classes x^, x/^, and x/^. Write 

4> = PiDi H hpe-De + ^PjDj. 

i>6 

Now we can analyze the possibilities for pi, . . . ,pQ given the boundary constraints on cf). 
{'xhg)i must be a corner of the region defined by (j); moreover this corner is such that we enter 
(xh^)i along an arc of Oj and we leave along an arc of 7^. Therefore, P6+ ps = P2+ Pi + 1- If 
{j!ch)i is not a corner, then p^+ pi = P2 +P6- Note that = since Uzi^ip) = 0. Thus, these 
two equations become 

P3 = P2 + P4 + 1 

Subtracting the second equation from the first, we have 

-Pi = P4 + 1 

which implies that either pi or p4 is negative, which cannot happen since (j) has a holomorphic 
representative. Therefore, (x/^)i is a corner. The same type of analysis shows that (x^)i is a 
corner. 

Since {xh)i is a corner, either pi+p^ + 1 = p2 or pi+ps = p2 + l- Substituting ps = P2+P4 + I 
into both expressions, we have the two possibilities pi + P2 + Pi + = P2 or pi + p2 + Pi = P2- 
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We can rule out the first possibility as it implies that either pi or ^4 is negative. And the 
second possibility holds only if pi = P4 = 0. So, to summarize what we know so far: pi = 0, 
P3=P2 + 1, P4 = 0, and p6 = 0. 

Since (^)i is a corner, then either ps +^3 = p^+pe + 1 or +^3 + 1 = p4 +pe. Substituting 
what we know of ps, p4, and pq into these two expressions, we obtain the two possibilities 
P5 + P2 + 1 = 1 or p5 + p2 + 2 = 0. We can rule out the second possibility as it implies that 
either p^ or p2 is negative. And the first possibility holds only if P5 = P2 = 0. Thus, we have 
determined that the only possibility for the values pi, . . . ,pq are: 

Pi = P2 = P4:= P5 = P6 = 
P3 = 1- 

Because the same analysis works for every i = 1, . . . , 2k+n—l and because every component 
of d(f) must contain some {xhg)i we can conclude that (f) is the linear combination which is the 
sum of precisely one of these small triangular regions {D^ in figure [3|) for each i. Therefore, 
any holomorphic triangle (j) between a, 6, and x/^ with nz{<p) = is, in fact, a triangle between 
x^, 'Xh, and x/^, and can be expressed as a product of these small triangles in our Heegaard 
diagram. Moreover, since each of these disjoint triangular regions is topologically a disk, and 
we have specified the image of three boundary points, ^Ai{(f)) = 1 by the Riemann Mapping 
Theorem. Hence, 

Therefore, 

fl{c{S, hg)) = c{S, g) ® c{S, h) 

and the proof of Theorem 11.41 is complete. As mentioned in the Introduction, Theorem 11.21 
follows immediately. □ 



4. A GENERALIZATION OF THEOREM 11.41 

4.1. CF-^ and connected sums. For a spin^ structure 5 on 1" and a pointed Heegaard 
diagram (S,a,/3, z) for Y which is strongly s- admissible^ recall that we can define a chain 
complex CF-^{Y^5) which is finitely generated as a Z2[?7] module [10]. The generators of 
CF-^{Y,5) are pairs of the form where x G Tq, n T^, 5z{x) = s, i € Z-'^, and U acts by 
U ■ [x,i] = [x,i — 1]. The differential on CF-^{Y,5) is given by 

9%^]= E E #(^)-b-,i-n,(0)]. 

j/eT<,nT^ {067r2(x,5) I ti{<j>)=l} 

We can identify CF{Y,5) with CF^^{Y,s)/U ■ CF^°(y,s), so there is a natural quotient 
map 

TT : CF^^{Y,s) CF{Y,5). 
If A is a Z2[U] module, let denote ilomj^^^ij^{A,'Z2[U,U^^]/'Ij2[U]). Then observe that we 
can identify CF^°{Y,s)'^ with CF+(-y,s), and CF(y,5)^ with CF{-Y,5) as complexes over 



10 



JOHN A. BALDWIN 



Z2[C/] and Z2, respectively. In fact, applying the }ioni^^p^{—,Z2[U,U ^]/Z2[U]) functor to 
the expression above, we obtain the natural inclusion map 

vr^ : CF{-Y,5) CF+{-Y,5) 

which sends 

X I— > [x, 0] 

for xeTaH Tf3. 

In [12j the authors construct a homotopy equivalence 

f<0 , CF^^iYuSi) ®^,[^] CF^^iY2,52) - CF^^iYi#Y2,Bl#B2) 

as follows. Let (Sj, Oj, Zj) be a strongly Sj-admissible pointed Heegaard diagram for Yi, for 
i = 1, 2. Consider the pointed Heegaard triple-diagram (Si#S2, ai U q;2"^i U Q^2i /^^ U 02, z), 
where the connected sum of Si with S2 occurs at the point in the connected sum 

region, and 02 and /3[ are exact Hamiltonian translates of 02 and /3i so that this new diagram 
is admissible. Suppose that the genera of Si and S2 are gi and g2 and let 0i G T^^ n T^/ 

and 02 € n be the top graded intersection points in CF{^3^{S^ x S^),5q) and 

CF{^3^{S^ X 5^), So). Then the maps [x,i] 1— > [x x 02,^] and [y,j] 1— > [0i x y,j] define chain 
maps 

$1 : CF^\Yi,Si) ^ CF^0(yi##^2(5i X 52),5i#5o), 

and 

$2 : CF^°(y2,S2) ^ X 52)^^2, So#S2). 

The pointed Heegaard triple-diagram above can be used to define a map 

r : C7F^0(yi##92(S^ X S2),si#So) ®z,iu] x 52)^y2,5o#S2) 

^CF^\Yi#Y2,5i#52). 

The map /-'^ is then defined to be 

/<o = ro($i0$2). 

The maps in this composition are all [/-equivariant by construction; hence, so is f-^. In 
[12], Oszvath and Szabo show that /-° is a homotopy equivalence. We define a homotopy 
equivalence 

/ : CF{Yi,5i) CF{Y2,52) ^ CF(yi#y2,Si#S2) 
in exactly the same way. 



^We have already been identifying CF{—Y) with Homzj (C-F(y), Z2), but the latter is isomorphic as a Z2 
module to C-F(Y)^ since we are thinking of CF{Y) as a Z2[U] module where the action of U is multiplication 
by 0. 

^In [12], the authors define a homotopy equivalence between these two chain complexes in a slightly different 
and more direct way. However, the map / defined here is better suited for our purposes. 
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4.2. HF^ and the contact invariant. Let (p denote the Whitney triangle between x^, "Xh, 
and Xhg found in Section [3l and let s((^) denote the spin^ structure on Xg^h corresponding to 
(p. Moreover, let 5g, Sh, and Shg denote the induced spin'^ structures on Yg, Y^, and Y^g. Then 
there is a chain map 

m,^^) : CFiYg,5g) CF{Yh,5h) ^ CF{Yhg,5hg) 

which is a refinement of the map m defined in Section [3j The difference between the two 
is that ?Tig(^) counts only those Whitney triangles which correspond to the spin'^ structure 
s(0). Applying the ILomi2p]{—,Z2[U,U~^]/'Ij2[U]) functor as before and taking homology, it 
is clear that the induced map 

(m^(^))* : HF{-Yhg,5hg) -> HF{-Yg,5g) 0^, HF{-Yh,5h) 

still takes c{S, hg) i— > c(S', g) ® c{S, h). Mirroring the notation in Section [3l we denote this map 

The pointed Heegaard triple-diagram (S, a, /3, 7, z) from Section [3] also gives a [/-equivariant 
chain map 

^Z) • CF^\Yg,Sg) ^^^[u] CF^\Yt,,Bh) ^ CF^\Yf,g,5hg)E 

Let 

^g^h CF^\Yg,5g) [I/] C F^^Y^ , 5 h) ^ CF{Yg,5g) CF{Yh,5h) 

and 

T^hg : CF^\Yhg^Bhg) ^ CF{Yhg,5hg) 

denote the quotient maps discussed in Subsection l4.1[ Then the following diagram commutes. 



CF^^{Yg,Bg) 



CF^'^{Yhg,5hg) 



CF{Yg,Sg)(g)Z, CF{Yh,5h) 



CF{Yhg,5hg) 



After applying the Hom^^I!/]!") ^2[f^) U ^]/Z2[C/]) functor and taking homology, we obtain 
the commutative diagram 



''For this map to be well-defined, we need (E,a,/3, 7,2) to be strongly 5((;A)-admissible. We can assume, 
however, that this is the case since the Heegaard diagram (E,q,/3,7, 2) can be made strongly s((;A)-admissible 
by winding the a, /3, and 7 circles around curves contained strictly in the —5*0 portion of the surface E [lU] , 
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HF{-Yg,5g)®HF{-Yh,5h) 



HF+{-Yhg,5hg 



HF{-Yhg,5hg) 



where /i^^) = (("^^(Ij,))^)*- Recall that for a contact three-manifold (1",^), the class c^(C) € 

HF^ (—Y) is defined to be the image of c(^) under the natural map HF(—Y) HF^ (—Y) 
|13| . As was mentioned in Subsection 14.11 (ttJ^^)* is this natural map, and therefore 

{7r]i^Uc{S,hg))=c+{S,hg). 

Let Kg^fi denote fl'^^^.^{c'^{S,hg)). Then by the commutativity of this diagram, 

Kg(s,h = /iJ^)(c+(5',/i5-)) = iTTg(^h)*iciS,g) (S)ciS,h)). 

Returning to our discussion of connected sums, let 

7rg#h : CF^'^iYgWh^Sgi^Sh) ^ CF{Yg#Yh,5g#5g) 

denote the natural quotient map, and let f-^ and / be the homotopy equivalences described 
in Subsection 14.11 Then the diagram below commutes. 



CF^^{Yg,5g)^^^[U] CF^^{Yh,5h) 



r- 



CF^\Yg#Yh,59#Bh) 



CF{Yg,5g)®^, CF{Yh,5h) 



CF{YgWh,5g#5h) 



Again, after applying the Hom^2[^](— , Z2[C/, U ^]/Z2[C/]) functor and taking homology, we 
obtain the commutative diagram 



H,{{CF^^{Yg,5g) CF^^iYh,Sh)) 



<0( 



HF{-Yg,5g)^Z2 HF{-Yh,5h) 



HF+{-{Yg#Yh),Bg#5h) 



■HF{-iYgi^Yh),5g#5h) 



where = ((Z-*^)^)* and k = (/^)*. At this point, we are ready to generalize Theorem 11.41 
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Theorem 4.1. The map {k+)-^ o : HF+ (-Yhg^Shg) ^ HF+{-{Yg#Yh),5g#5h) is U- 
equivariant and takes c'^{S,hg) c'^{S^i,S^g^h). 

Observe that Theorem 11.51 follows immediately as a corollary. Recall from the introduction 
that the contact structure compatible with the open book {Si^bS, gi^h) is the connected sum 
of the contact structures compatible with {S,g) and {S,h). 

Proof of Theorem \4.1\ The maps /^^^^ and (A;^)^^ are certainly [/-equivariant, so their com- 
position is as well. Moreover, k = (/^)* takes c{Si^bS,g#h) i-^ c{S,g) ^ c{S,h). This 
follows from precisely the same sort of argument as was used in Section [3] to show that 
ft = {m'^)^ takes c{S,hg) i— > c{S,g) (g) c{S,h). In the pointed Heegaard triple-diagram 
(Si#S2,ai U Pi U a2,P[ U a2,z) used to construct the map F, the only holomorphic 
Whitney triangle (j) G 7r2(a,6,x^ x x^) with nz{(p) = is a product of small triangles connect- 
ing X ©2, 01 X Wh, and x x/^. Therefore, the map /"^ takes x^x^i— >?c^®x/ron the 
level of chains, and (/^)* takes c{S#bS, g#h) i-^ c{S,g) ^ c{S,h). 
Hence, 

Therefore, by commutativity, 

Kg^h = {k+ o (vrJ^J,)(c(5#55,5#/i)) = k+{c+{S#bS,gm). 
Thus, {k^)^^{Kg,^h) = c^{Si^bS, g#h). But this implies that 

{ik^)-'of,+^.^){c+{S,hg)) = (k+rHKg^h) = c+{S#bS,g#h). 

□ 

5. L-SPACES AND PLANAR OPEN BOOKS 

Etnyre recently showed that while every overtwisted contact structure has a compatible open 
book with planar pages, there are fillable contact structures which do not [2J. More recently, 
Ozsvath, Szabo, and Stipsicz found a Heegaard Floer homology obstruction to a contact 
structure having a compatible open book with planar pages, and were able to reproduce some 
of Etnyre's results [13]. Their main result is the following: 

Theorem 5.1 (Ozsvath-Szabo-Stipsicz). If the contact three-manifold {Y,(^) has a compatible 
open book with planar pages then c'^(^) € ■ HF^{—Y) for all d € N. 

They prove the following corollaries which are based upon this principle. 

Corollary 5.2 (Ozsvath-Szabo-Stipsicz). Suppose thatc'^{^) ^ andci(s(^)) is non-torsion. 
Then it cannot be the case that c^(^) S ■ HF^{—Y) for all d G N. In particular, iX^C) is 
not supported by a planar open book. 

Corollary 5.3 (Ozsvath-Szabo-Stipsicz). Suppose that the contact three-manifold (1^,^) has 
a Stein filling {X,J) with ci(s(^)) = and ci{X,J) ^ 0. Then it cannot be the case that 
c^(^) G ■ IIF^{—Y) for all d G N. In particular, (Y,^) is not supported by a planar open 
book. 
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Our Corollaries 11.61 and 11.71 now follow from Theorems 11.51 14. H and the above corollaries of 
Ozsvath, Szabo, and Stipsicz. 

Proof of Corollary \1.6l If ci{s{S,g)) is non-torsion, then so is 

cMS#hS,g#h))=cMS,g))(Bcii5iS,h)). 

If, in addition, c'^{S#bS, g#h) ^ 0, then Corollary 15.21 implies that it cannot be the case that 
c+{S#bS,g#h) € U"^ ■ HF+{-(Yg#Yh)) for all d G N. Thus, Theorem O demands that it 
cannot be the case that c^{S, hg) G ■ HF~^{—Yhg) for all d € N. It follows that Yhg cannot 
be an L-space. Furthermore, it follows from Theorem lS.ll of Oszvath, Szabo, and Stipsicz that 
the contact structure supported by (S, hg) is not compatible with a planar open book. 

□ 

Proof of Corollary \1.7\ If (5, g) and (5, h) correspond to contact manifolds (i^g, ^g) and {Yh,(,h) 
with Stein fillings {Xg, Jg) and {X^, J^), then (S^^S, g#h) corresponds to the contact mani- 
fold (Yg#Yh,^gMh) with Stein filling (Xgi^bXh, Jg#bJh). If 01(5(^3)) = and ci(s(CO) = 0, 
then 

cM^gMh)) = ci{s{Q) e ci(s(a)) = 0. 

Moreover, if ci{Xg, Jg) ^ 0, then 

Cl{Xg#hXh, Jg#bJh) = Cl{Xg, Jg) Cl {X ^ , J h) / 0. 

Then, by Corollary EH it cannot be the case that c-^{S#bS,g#h) G ■ HF+ {-{Yg#Yh)) 
for all d € N. And, just as before. Theorem 11.51 then implies that it cannot be the case that 
c+(S', hg) e If^ ■ HF+{-Yhg) for ah d G N. It follows that Yhg cannot be an L -space and that 
the contact structure supported by (S, hg) is not compatible with a planar open book. □ 

It is not clear whether we can replace the condition that c'^{S^f,S, gi^h) 7^ in the formu- 
lation of Corollarv 11.61 bv the condition that c'^{S,g) ^ and c'^{S,h) ^ 0. For the contact 
invariant c defined in HF{—Y), c{S,g) ^ and c{S,h) / implies that c{S#hS, g#h) / 0. 
It is not immediately obvious that the same is true in general for the contact invariant c~^. 
There are, however, special cases in which the same holds for c+. For instance, if {S,g) 
and {S,h) support strongly tillable contact structures, then so does {S#bS, g#h), and hence, 
c'^ {S#bS, g#h) 7^ 0. More useful perhaps, is the following. 

Claim 5.4. Ifc^{S,g) 7^ and{S,h) supports a Stein fillable contact structure, then {S^^bS, gi^h) 7^ 
0. 



Proof of Claim \5.4\ If {S, h) supports a Stein fillable contact structure, then after a number of 
positive stabilizations (5, h) is equivalent to an open book (S", (p), where 4> is the composition 
of right-handed Dehn twists around curves in S'. Hence, {S^bS, gi^h) is equivalent via the 
same number of positive stabilizations to the open book (S^^bS' , gi^(l))- Therefore, by the 
naturality of the contact invariant c+ under cornposition with left-handed Dehn twists, if 
c+{S#bS',g#id) ^ 0, then c+{S#bS',g#(j)) 7^ 0. Let m = 2A; + r, where k is the genus of 



^Theorem 11.41 was stated only for the contact invariant c, but the same holds for via a commutative 
diagram chase. 
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<S" and r is the number of boundary components of S' . Then {S^^S' ^ g^id) is an open book 
for the manifold Yg^^'^(S^ x S'^). There is an isomorphism 

HF+{-{Yg##^{S' X S')),Bg#5o) ^ HF-^{-Yg,Bg) A* H\#^'^ {s' X S')) 

\1'2\ Proposition 6.4]. It is clear from the construction that this isomorphism takes 

c-^iS#bS',g#id)^c+iS,g)AQ 

where is the lowest graded element of A*i?^(#™(5^ x S'^)). Therefore, c'^{S,g) 7^ if and 
only if c'^{S#i)S',g#id) / 0. Putting these facts together, we get the claim. □ 

It remains to be seen what can be shown using these techniques. It would be very interesting, 
as Etnyre mentions in , to find a non-fillable contact structure which is not supported by an 
open book with planar pages. To this end it is enough to find, by Corollary ll.61 a Stein fillable 
open book {S,g) with ci{5{S,g)) non-torsion and an open book {S,h) with c+(5, /i) ^ such 
that {S, hg) is non-fillable. 
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